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In the past decades the study of pluri-potential theory and of its applications played a central 
role in complex analysis in several variables. In particular, since the basic work of Siciak 13T1 
and Bedford and Taylor J7), [8| a great effort was made to understand the complex Monge- 
Ampere operator and the associated generalized Dirichlet problems (for instance, see lfT51 . lEUll 
and references therein). 

Let D C C n be a bounded convex domain with z E D. From the work of Lempert lETl . 
[24] and Demailly lfT51 it turned out that the following homogeneous Monge- Ampere equation 



(0.1) 



' u E Psh(D) 

(ddu) n = in D \ {z } 
lirn^a; u(z) =0 for all x e dD 
u(z) — log \z — zq\ = 0(1) as z 



z 



has a solution L D zo which is continuous in D \ {z } (actually it is smooth there if D is strongly 
convex with smooth boundary) and unique. 

l 
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The function Ld )Zo shares many properties with the Green function for the unit disc Dc C. 
For instance, from an analytic point of view it can be used to reproduce continuous plurisubhar- 
monic functions (see fT5l or Section HJ) while from a geometrical point of view, its level sets are 
boundaries of Kobayashi balls centered at z and its associated foliation is the singular pencil 
of complex geodesies passing through z and thus it can be successfully used in questions such 
as classification of domains or biholomorphisms (see, e.g., |28|, |29], |9|). Thus, such function 
deserves the name of pluricomplex Green 's function. 

In [Cl 1 J the first and second named authors concentrated in studying a homogeneous Monge- 
Ampere equation with a simple singularity at the boundary. Namely, the following result has 
been proved: 

Theorem 0.1. Let D C C n be a bounded strongly convex domain with smooth boundary and 
let p G 3D. The following Monge-Ampere equation 

'u e Psh(D) 
(ddu) n = in D 
(0.2) I u < in D 

u(z) = forzedD\ {p} 
u(z) ~ \\z — pW^ 1 as z — > p non-tangentially 

has a solution Qd, p G C°°(D \ {p}) such that d{VL£, tP ) z ^ and (ddVLD>p) n ~ 1 {z) ^ for all 
z G D\ {p}. Moreover the level sets ofQo, P are boundaries of horospheres of D with center p. 

Here Psh(D) denotes the real cone of plurisubharmonic functions in D and horospheres are 
the "limits of Kobayashi balls" introduced by Abate Q, El and coincide with the sub-level 
sets of Busemann functions of geodesies whose closure contain p (see El). The function VLd, p 
has been defined by means of the boundary spherical representation of Chang-Hu-Lee [13] (see 
Section[l]). In (TT), among other things, it has been proved that Vt D p can be used to characterize 
biholomorphisms and that its associated foliation is the fibration of complex geodesies of D 
whose closure contain p. 

The aim of this paper is to study the properties of Vto.p m depth. We will show that Vt D:P 
shares many properties with the Poisson kernel for the unit disc D and therefore it deserves the 
name of pluricomplex Poisson kernel of D with singularity at p G 3D. 

More in detail, we show that a version of the classical Phragmen-Lindelof theorem on the 
growth of subharmonic functions in © holds for plurisubharmonic functions in D, proving that 
VL D ^ is the maximal element of the family 

'u G Psh(D) 

lim sup^^. u{z) < for all x G dD \ {p} 
limmf |u( 7 (t))(l - t)\ > 2Re « 7 '(1), z^ 1 ), 
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where v p is the unit outward normal to dD at p and 7 is any C 1 -curve in D such that 7(1) — p 
and Y(l) T p dD (see Section|5]). In due course we will find the exact behavior of Q D p (z) as 
z goes to p along non tangential directions to dD at p (see Corollary 15 .3 1) . 

Next, we deal with uniqueness properties of VL D ^ p . These are essentially of two types: analytic 
and geometric. From an analytic point of view we show that &d,p is the only solution of the 
homogeneous Monge- Ampere equation which is zero on dD \ {p} and behaves like Qd, p as 
z tends to p (see Theorem I7.lt . This is the analogous of the uniqueness statement for the 
pluricomplex Green function, except that the behavior of£l D>p near p is universal only along non 
tangential directions, but it might depend on the domain D itself along other directions. From 
a geometrical point of view we show that Vt D p is the only C 2 solution (up to multiplication 
by constants) of the homogeneous Monge-Ampere equation which is zero on dD \ {p} and 
whose associated foliation is the fibration of D in complex geodesies whose closure contain p 
(see Theorem 17 .3 1) . This fact is then used to show a couple of interesting other characterizations 
of Qd,p both in terms of its level sets (see Proposition 17.41) and in terms of its behavior under 
pull-back with holomorphic self-maps of D (see Proposition 17 .5 1) . 

We also show in Theorem 16. II that L D zo and VL Dp have the same relationship as the Green 
function and the Poisson kernel in D, namely 

dT 

(0.3) Qdp{zo) = -^l {p) . 

This is used to write explicitly the "noyaux de Poisson pluricomplexes canonique" of Demailly 
[ 15 1 and, applying his theory, to obtain a somewhat explicit reproducing formula for continuous 
plurisubharmonic functions of D in terms of L DjZo and f2 d, p (see Theorem l8.2l) . In particular, for 
pluriharmonic functions F G C°(D) we obtain the following formula which is the analogous 
of that for harmonic functions in the disc: 

F(z)= [ \n D , p (z)\ n F(p)u 9D (p), 

JpedD 

where ujq D is a positive real (2n — l)-form on dD which depends only on D. 

As a spin off result, using the properties of Vt D ^ p , we also prove that horospheres are (smooth 
and) strongly convex away from their center (see Theorem 14 .11) . 

The proofs of the previous properties of Vt D p are based on a mix of different techniques. 
In particular we will make a strong use of families of complex geodesies and their regularity 
properties. Thus in Section El we deal with regularity for such families gathering some known 
but disperse information and proving the precise results needed for our arguments. In particu- 
lar, using a suitable "attached analytic discs" approach, we prove ("Theorem 12 .11) that the set of 
complex geodesies in D is a finite dimensional closed submanifold in the open set of the com- 
plex Banach space O k+a (D, C") made of non-constant holomorphic attached discs whose first 
k-th derivatives extend a-Holder continuous on dD. This result, interesting on its own, allows 
to obtain stability and regularities properties for families of complex geodesies (Section |3) and 
for their Lempert's projections, that is, the holomorphic retractions of D with affine fibers onto 
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complex geodesies introduced by Lempert in lim which will play a fundamental role in our 
discussion (see Section^. 

The plan of the paper is as follows. In the first section we recall some preliminaries about 
complex geodesies, the boundary spherical representation of Chang, Hu and Lee lfT3ll and the 
results in ifTTI as needed to make this work as self-contained as possible. In section two we 
deal with regularity for families of complex geodesies by studying their differential properties 
and, as a corollary of our construction, we recover with a different proof some stability results 
by Huang Iffifl . |19|. In the third section we study Lempert's projections. We first show that 
holomorphic retractions on a given complex geodesies are not unique but Lempert's projections 
can be characterize as the unique retractions with affine fibers. Then we examine the variation 
of Lempert's projections with respect to boundary data and prove regularity. In section four we 
investigate the shape of horospheres. We prove that they are strongly convex away their center 
(where they are C 1 ' 1 ) using Jacobi vector fields. In the fifth section we state and prove the 
Phragmen-Lindelof theorem for strongly convex domains and we compute the limits of VLd, p 
along non complex-tangential directions. In the sixth section we prove (10.31) and in section seven 
we deal with uniqueness. Finally, in section eight we recall Demailly's theory for reproducing 
plurisubharmonic functions and find the explicit reproducing formulas using VL D ^ p . 



1. Preliminaries 

Let D be a bounded strongly convex domain in C n with smooth boundary. A complex geo- 
desic is a holomorphic map ip : D — > D which is an isometry between the Poincare metric of 
D = {(gC:|C|<1} and the Kobayashi distance k D in D. 

According to Lempert (see [21 1 and Q), any complex geodesic extends smoothly to the 
boundary of the disc and (p(dU>) C dD. Moreover, given any two points z,w<ED,z^w, there 
exists a complex geodesic ip : D — > D such that z, w G y(O). Such a geodesic is unique up to 
pre-composition with automorphisms of D. Also, if z G D and v G C" \ {0} (and v G" T z dD if 
z G dD) there exists a unique (still, up to pre-composition with automorphisms of D) complex 
geodesic cp : D — > D such that z G <p(p) and y?(D) is parallel to v (in case z, w G dD this 
follows from Abate [3| and Chang, Hu and Lee lfT3l ). In case z G D and w G D, w ^ z, 
(respectively v G T Z D) one can choose uniquely a complex geodesic cp : D — > D requiring 
that (p(0) = z and cp(t) = w for some < t < 1, with t — 1 if and only if w G dD (respect. 
<p'(0) = tv for some t > 0). With an abuse of notation, when no risk of confusion arises, we 
call "complex geodesic" also the image of a complex geodesic cp : B — > D. 

If (p : D — ► D is a complex geodesic then there exists a holomorphic map tp : D — > C n , 
called the dual map of <p, such that tp extends smoothly to <9D and Lp(e ld ) = e i£ } jj,(e ie )dr ' v / e ie\, 
with r being a defining function of D near (p(dD) and /i > normalized so that 

(i.i) ^(0 V(C) = i 



for all C e © (see ED). 
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Let (p : D — > D be a complex geodesic. In ll22l and f23 1 (see also Pang [ 26 1) Lempert defines 
a biholomorphic change of coordinates G : D — ► D' which "linearizes" cp. Namely, he proves 

that G extends smoothly on dD, that G o <p(() = ((, 0, . . . , 0) and G a <p(() = (1,0,..., 0). 
The domain D' = G(D) is no longer convex in general but it is strictly linearly convex near 
G((f(dD)), namely, the real Hessian of any defining function of D' is positive on the complex 
tangent space at any point of dD' near G(ip(dB))). In the rest of the paper we will refer to such 
a G as the Lempert biholomorphism which linearizes (p. 

Considering the foliation of all complex geodesies passing through a given point z E D, 
Lempert constructed a map : D — ► B n , called spherical representation of D at zq, which 
is defined by & Zo { z ) — C^(0)/||^(0)|| G B n where tp z : D — ► D is a complex geodesic such 
that ip z (0) = zo, <p z (() = z for z ^ z and & ZQ (z ) = O. The map $ zo which is continuous on 
D, extends C°° on D \ {z }. In his work 12T1 Lempert proved that L D>Zo := log ||$ 20 || solves 

doll . 

Similarly, considering all complex geodesies whose closure contain a given boundary point 
p G dD, Chang, Hu and Lee (see lfi3l Theorem 3]) constructed a boundary spherical representa- 
tion. For the reader convenience and since it will be useful later, we recall here the construction 
of Chang, Hu and Lee as needed for our aim. Let p E dD and let v p be the unit outward normal 
to dD at p. Denote 

L p := {v E C n \\\v\\ = 1, (v,v p ) > 0, iv E T p dD} 

and let v E L p . In what follows we will say that a complex geodesic ip v : D — > D whose 
closure contains the point p E dD is in the Chang-Hu-Lee normal parametrization (with respect 
to v E L p ) if cp(l) = p and <p'(l) = (v, V^)v and Im (ip"(l),T0 = 0. In lfT3l Chang, Hu and Lee 
proved that for all v E L p there exists a unique complex geodesic in the Chang-Hu-Lee normal 
parametrization with respect to v. 

Up to rigid movements of C'\ assume that u p — e\ — (1, 0, . . . , 0) and thus L p reduces to 
L p = {v = (t>i, . . . ,v n ) E C n : \\v\\ = l,t>i > 0}. For any v E L p the map r] v : B 3 C i— > 
ex + (C — l)viv is a complex geodesic of B n , rj v (l) = e a and ^(1) = Viv. Then the boundary 
spherical representation $ p : D — >• B n is defined as follows: 

%(z) =e 1 + (C z - l)v Z;1 v z , 

where ( z E D and ^ G L p are the unique data such that <p Vz (Cz) = ^- The map $ p is a smooth 
diffeomorphism whose inverse is = <p Vw ((w), where ( m 6 D and v w E L p axe the 

unique data such that w = r] Vw (Cw)- Moreover $ p , extend continuously up to the boundary 
and = ei. In particular it follows that $ p is holomorphic on all complex geodesies in D 

whose closure contain p and sends such complex geodesies to complex geodesies in B n whose 
closure contain e\. 

Following Abate (U), 0) we define a horosphere E D (p, z , R) of center p E dD, pole 
zo E D and radius R > as 

E D (p,z ,R) :={z E D : lim w) - k D (z ,w)] < ^logi?}. 
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The limit in the definition of Ez>{p, z , R) exists since D is strongly convex and any such horo- 
sphere E D (p, z , R) is a sub-level set of the Busemann function of any geodesic whose closure 
contains p (see O). 

In ifTTl Corollary 6.2] it was proved that $ p maps horospheres of D centered at p onto horo- 
spheres of M n centered at e±, which, since horospheres of B n are complex ellipsoid, implies in 
particular that the boundaries of horospheres are smooth away from the center p. 

Let f)B»,ei (z) = —jr^~\2- The sub-level sets of r2 B «,ei corresponds to horospheres of B n with 
center e\ and pole O (see, e.g., Q, 0). In [fTTTl we defined 



and proved Theorem lO.il For further use we notice that 

E D (p, $>; l (0),R) = {zeD: n D)P { z ) < 

Finally, let 

y ' |i-CI 2 

be the Poisson kernel on D = {\(\ < 1}. Recall that P is harmonic in D, lim^^ P(() = for 
x E dH) \ {1} and lim K9r .^ 1 - P(r)(l — r) = 2. From the very definition it follows that for all 

v E L p 

(1-2) <W^(0) = - p (0/vl 

2. Regularity for families of complex geodesics 

In this section we state some results about regularity of families of complex geodesics in 
strongly convex domains which we need later. From these we also rediscovered some facts 
already known or implicitly contained in other papers such as ll2T1 . ll22l . ifLSl . |[T9lO . Our 
presentation owes much to the works ifTBll . ll35ll . J33j. 

In all this section D will be a bounded strongly convex domain of C n with smooth boundary. 
Given k > 2 and a E (1/2, 1) we denote by O k+a (1, C n ) the set of all holomorphic maps from 
D to which extends C k on © and such that their A;-th derivatives are a-Holder on D (a map 
/ : © _, c n is a-Holder ifthere exists C > such that ||/(Co) - f((i)\\ < C\( - Ci| Q for all 
Co, Ci £ The set O k+a (D, C n ) is a complex Banach space when endowed with the norm 

n-ii ii f w^iu ll/ (fc) (Co)-/ (fc) (Ci)ll 

n/iifc+a= >, su p 11/(011+ su p — 17 — TT a — • 

i=1 Ce» Co,Ci£D,Co^Ci Ko~C,i| 

Let Q be the set of complex geodesics from D to D. By Lempert's theory [I2T1 it follows that 
Q C O k+a (J3), C n ). Let also denote by M C O k+a (B, C n ) the set of constants with value in 
3D. It is clear that M is a closed set in O k+a (B, C n ). 

Theorem 2.1. The set Q is a closed submanifold ofO k+a (JB>, C n ) \ M of real dimension An — 1. 
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Proof. Let {f n } C Q and assume that f n ^fm O k+a (B, C n ). Since the domain D is strongly 
(pseudo)convex then either f(B>) C D — and from the continuity of k D it follows easily that 
/ <E Q as well— or / G M. Thus £ is closed in C fe+a (l, <C n ) \ M. Let f G £. We want to 
prove that ^ is a submanifold of O k+a (JD), C n ) near Jo- 
Let G : D — > = C7(/}) be the Lempert biholomorphisms which linearizes / . Then 

G o / (C) = (C, 0, . . . , 0) and the dual map C7^7 (O = (1,0,..., 0). Notice that G extends 
C°° up to dD. Thus we can extend (arbitrarily) G\qd to some C°° map, denoted by G, from 
C n to C n . We have thus a morphism A : C k+a (dB, C n ) C fc+Q (<9D, C n ) given by A(/) = 
Go/. The morphism A is C°° and maps the set of complex geodesies of D onto the set 
of complex geodesies of D'. Assume for the moment that we proved that A(Q) is a finite 
dimensional submanifold of O k+a (H), C n ) near Gof , and thus a finite dimensional submanifold 
of C k+a (dB, C n ). Repeating the argument with G~ l , we find a C°° map A' : C k+a (dB, C n ) -> 
C k+a (dB, C n ) such that A o A'| A(g) = ld| A(e) . Thus A'| A(6) is an embedding with dM{TK{Q)) 
finite dimensional, thus closed and complemented in C fc+Q (<90, C n ). Therefore Q = A'(A(Q)) 
is a finite dimensional submanifold (see, e.g., [5|). We are then left to show that A(C?) is a finite 
dimensional submanifold. 

Thus, we can assume from the beginning that /o(C) — (C? 0, . . . , 0) and /o(C) — (1, 0, . . . , 0) 
in D — here however the domain D is no longer strongly convex, but it is strictly linearly convex 
near f (<9B) . By the very definition of the dual map and by fll.ll) it follows that if / is a complex 
geodesic of D close to f in C fc+Q (D, C n ) then / is close to f in C fc+a (l, C n ), where, with 
some abuse of notation, we identify the one form / with the vector of its components. 

Let P n_1 (C) be the space of complex hyperplanes passing through the origin O. Let \I/ : 
dD -> C n x P"- 1 (C) be defined by *(p) := (p,TfdD). Let S = V(dD). By the very 
definition (/ , [/ ])(9D) C S. Moreover, since dD is strongly pseudoconvex near f (8D), then 
S is a compact maximal totally real submanifold of C" x P" _1 (C) near ty(f (dD)) (see ll36ll \ 

Let (zi, . . . , z n ) be coordinates in C n and let [z\ : . . . : z„] be the corresponding homogeneous 
coordinates in P n_1 (C); that is, the point [z\ : . . . : z n ] corresponds to the hyperplane {v = 
{vi, ...,v n ) G C n : YT j=x Vj ■ Zj = 0}. Let U x := {[z] G P^^C) : z x ± 0} be the chart 
obtained by identifying C n_1 with Ui via (wj, . . . ,w n _i) — > [1 : Wi : . . . : w n -±] and let 
R : C n x C n_1 — > M 2n_1 be a defining function for S PI C" x C/i (such a defining function 
can be easily defined starting from a global defining function of D in C n ). Let us consider 
Q = {F= (f,g) G O k+a (DX n ^C n ^) : U = 0}. In other words, F = (f,g) G Q if 

and only if (/, [1 : g])(<90) c 5. In particular (/ , 0) G Q. Note that if / is a complex geodesic 
close to f with dual map / = (/i, / 2 ) G Cx C n_1 then min^ G5 |/i(C)l > an d therefore 
(/, /2//1) e Q. Conversely, if (/, g) G Q and (/, £) is close to (/ , 0) in O fc+a (I, C™ x C"- 1 ) 
then I /((C) + YTj=2 fj(C)9j(0\ > for all C G D and then / is a stationary disc in D with 
dual map (l,g)/(f{ + YTj=2 fj9j) mat a com ple x geodesic. It should be remarked that in 
this argument one cannot refer directly to Lempert's theory because D is not strongly convex 
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in general. However, since dD is strongly pseudoconvex near / (<9O) then for / close to fo in 
O k+a (B, C n ), one can use Pang's results to relate stationarity to extremality, see ll26l Section 2]. 

The previous discussion shows that there exists a open neighborhood Wq C O k+a (D, C n x 
C n_1 ) of (f , 0) such that 7Ti : Q H Wq — > Q fl 7r 1 (W / ) is bijective, where 7Ti is the projec- 
tion on the first factor, namely 7Ti(/, g) := /. The map 7Ti | Qnw * s dearly an d its inverse 
is C°° as well, being given by / ^ (/,/ 2 //i) with / = (/i,/ 2 ) e C x C"" 1 the dual of 
/. Thus dwi\TQ is injective and its image is finite dimensional and hence closed and comple- 
mented in O k+a (B, C n ). Therefore, if we prove that Q is a finite dimensional submanifold of 
O k+a (B, C n x C" 4 ) near (/„, 0) then the claim on Q will follow. To prove that Q is a sub- 
manifold by means of the implicit function theorem in Banach spaces, it is enough to show 
that dR fo : O k+a (B, C n x C n_1 ) -> O k+a (B, R n ) is surjective and its kernel complemented in 
O k+a (D, C n x C 11 - 1 ). We have dR fo (f(Q) = 2Re Af(() with A being the (2n-l) x (2n-l) 
matrix with entries §f^(/o)- Since 5 is maximal totally real, arguing as in 021 Theorem 3.1, 
Lemma 3.2] one can prove that all the Birkhoff partial indices of the operator / i— > 2Re Af(Q 
are > 1 and thus, by ifToll (see also ll35ll and ll33l0 dRf is surjective. Notice that the computa- 
tion of Birkhoff partial indices in ll32l Lemma 3.2] was proved under the assumption that 3D 
is strongly convex. It is easy to check that in fact such result holds for strictly linearly convex 
domains and therefore it can be used here as, in Lempert's coordinates, the domain is strictly 
linearly convex near / (<9D). Finally, a direct computation (or see |34|) shows that its kernel 
has finite (real) dimension An — 1 and therefore Q is a submanifold of dimension An — 1 near 

fo- □ 

Let ke> be the Kobayashi metric in D. According to Lempert (ED, ll23l0 the map D x (C™ \ 
{O}) — > R given by (z, v) i— > Kd(z; v) is C°°. Moreover, since Kd(z, Af ) = Xkd(z, v) for all 
(z,v) e Dx(C n \{0})andA > it follows that d(K D ) [z>v) ^ Oforall (z,v) e Dx(C n \{0}). 
Therefore the set 

K = {(z, v) e D x (C n \ {O}) : v) = 1} 

is a (An — l)-real dimensional submanifold of D x (C n \ {O}). 

Theorem 2.2. The map V : ^ — > /C defined by V : / i— >■ (/(0), /'(0)) 15 a dijfeomorphism. 

Proof. By the uniqueness of complex geodesies il2~TTl . the map V is bijective. Since V is the 
restriction of a linear bounded map from O k+a (B, C n ) to C 2n then it is linear and C°°. By ll23l 
Theorem 5] the inverse V^ 1 is C°° as well and hence V is a diffeomorphism. □ 

From this result we obtain some corollaries which will be useful later on. 

Corollary 2.3. Let {f n } C Q be such that f n — > f uniformly on compacta o/B. 7f / w no? 
constant then f E G and fn — ► uniformly on J} for all j — 0, 1, 

Proof. By Theorem 12. II if / is not constant then it belongs to Thus, / n — > f uniformly on 
compacta of D implies that / n (0) -> /(0) and /^(0) -> f(0). By Theorem l2~2lt follows that 
/„ -> / in O fc+Q (D, C n ) for all fixed jfc e N. In particular -> for all j = 0, 1, . . .. □ 
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Corollary 2.4. It (0, 1) 3 t \— > f t G Q is a family of complex geodesies such thatt \— > /t(0) and 
t ^ fl(0) are C°° then t ^ / ( is C°° in O k+a (B, C n ). In particular the map C ^ ^r(C) » 
smooth on D for all j = 1,2,... 

Lemma 2.5. The map Q 3 f \— > /(0) G D j's proper. 

Proof. If {^ n } C D is such that ;z n — > 2; G D let /„ G £ be such that / n (0) = z n . Let {f nk } 
be a converging subsequence. Since the Kobayashi distance is continuous on D it follows that 
the limit / of {f nk } is not constant. Then by Corollary 12 .31 it follows that / G Q and /(0) = z. 
Hence the map / 1— > /(0) is proper. □ 

As a straightforward corollary of Lemma 1231 we have the following result, first proved with 
different methods by Huang [19, Proposition 1]: 

Proposition 2.6. Let c > and let Q c :— {/ G Q : dist(f(0),dD) > c}. Then there exists 
d > such that ||/||fe+ Q < d. 

3. Lempert's projections 

Let D C Cbea bounded strongly convex domain with smooth boundary and let cp : ID) — ► D 
be a complex geodesic. According to Lempert (ED, ll22l . ll23l ). for all z G D the equation 
(f(C) ■ ( z — y(C)) = in the unknown ( G B has a unique solution ( := p(z). The map 
p : D — » D is holomorphic, extends smoothly on and it is called the /e^f inverse of for it 
satisfies p o ip = idu- By the very definition 

(3.1) (z-^(p(*)))=0. 

Remark 3.1. Let 2; G D. If ( G © is such that ^(C) • (2 - y?(C)) = then p(z) = (. Indeed, 
by the strong convexity of dD, if z G D \ ip(dB) then the winding number of the function 
<9D 3 C i-> ^(C) • - v(0) is 1 ( see IZ3> 1211) hence C = On the other hand, if 

z = ip(e lt ) for some t G R, by continuity of p it follows that p(<p(e**)) = e 4 '. Suppose by 
contradiction that <p(C) ■ (<p(e 4 *) — <p(0) = for some ( G D \ {e lt }. Since the domain is 
strongly convex the interior of the real segment £ joining <p(e lt ) to <p(£) is contained in D. Then 
the segment £ belongs to the fiber of p at tp(() and, since p is continuous on D, it follows that 
p(if(e lt )) = C which contradicts /^(e 4 *)) = e lt . 

Let cp be a complex geodesic and let p be its left-inverse. The map p : D — » <p(D) C 
defined as p := <p o p is a holomorphic retraction on <p(D), i.e., p is a holomorphic self-map of 
Z) such that pop = p and p(z) = 2 for any z G <p(D). It extends smoothly to dD and it is called 
the Lempert projection associated to <p. The triple (<p, p, p) is the so-called Lempert projection 
device. As remarked for instance in ifTOl p. 145] the Lempert projection p depends only on the 
image <p(D). 

In this section we study regularity of Lempert's left-inverse. Before that, we make some 
comments on holomorphic retractions on strongly convex domains. We start with an example 
which shows that there exist infinitely many holomorphic retractions: 
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Example 3.2. Let fj k : B n — »■ D be holomorphic functions, j, k = 2, . . . , n and let e < l/2n. 
The holomorphic map 

n 

(3.2) p(z) := (z 1 + e^ ZjZ k f jk (z), 0, . . . , 0) 

j,k=2 

is a holomorphic retraction of B n onto the complex geodesic <p(£) = ((, 0, . . . , 0). Indeed, it is 
clear that p(B") C Cx {(0,...,0)}, that p 2 = p and that p is holomorphic. Moreover, if we let 
r = \zi\ then \zj\ < \J\ — r 2 and \z\ + e YTjk=i z j z kfjk(z)\ < r + ne(l — r 2 ), proving that for 
e < l/2n the image p(B n ) cB". 

From (13.11) it follows that the fibers of Lempert's projection are intersections of D with com- 
plex affine hyperplanes. Lempert's projection can be characterized exactly by this property: 

Proposition 3.3. Let ip : D — > D be a complex geodesic. If p : D — > <p(D) w a holomorphic 
retraction whose fibers are intersections of D with complex affine hyperplanes then p is the 
Lempert projection. In other words, the Lempert projection is the only "linear" retraction. 

Proof. Let p : D — > <p(B) be a retraction whose fibers are intersection of D with complex affine 
hyperplanes. Let E D = E D (cp(e lt ), <p(Co)> R) be a horosphere of D with radius R > 0. Since 
p o = if z e -Ed we have 

lim [fc D (p(^),w) - A; D (v?(Co),w)] 

(3.3) = J^W*),/^™"))) - k D ^(0),^re u ))} 

< \im[k D (z,ip(re u )) - k D (<p(0), p(re ft ))] < \\ogR. 

T—*\ Z 

Therefore p(z) G Ed fl <p(B). Let G D and <p(rj) G <9Ed- Let if be the affine hyperplane 
which contains p _1 ((/?(?7)). Then Ed H ii = 0, because if 2 G -Ed fl ii then ^(77) = p(z) G 
-Ed H <p(D), which is a contradiction. Since <p(r/) G Ed fl if and Ed is convex, it follows that 
H - <p( v ) = T^ v) dE D . Now, T^dE D = ker(«9p L ) 

<p(ti)> where pi is the Lempert projection. 
Thus p and pl have the same fibers at <p{rj), and, by the arbitrariness of the choices it follows 
that p = p L as claimed. □ 

Next we examine the variation of the left inverse of Lempert's projection with respect to 
boundary data. 

Lemma 3.4. Let {z k } C D be a sequence converging non-tangentially to p. Let v k G L p be 
such that z k G <p„ fc (D) (where, for v G L p , <p v : D — > D denotes the unique complex geodesic 
in the Chang-Hu-Lee normal parametrization with respect to v). Ifvt k — > vo then vq G L p and 

ip Vk — > tp vo , (pi j k — > ipvj uniformly on IB) for all j — 1, 2, 

Proof. We can assume that v p = e\. To see that t> G L p we need to show that (i> , e\) > 0. 
Assume this is not the case. Then v G T p dB. 
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First of all, we claim that for any open neighborhood U of p it follows that <p Vk (D) C U 
eventually. Indeed, let $ p : D — > B n be the spherical representation of Chang-Hu-Lee and 
denote by 77^ := %ocp Vk . By construction r] Vk {() = ei+(C-l)(u fc , ei)v k and thus 7] Vk (B) -> e x . 
Since is uniformly continuous on B n the claim follows. 

Therefore, {(p Vk (D)} converges to {p} and, by JTHJ Theorem 2], given any e > there exists 
k such that, for all k > k , it follows that || (ip' Vh (C))n\\ < 4 {ip' Vk (C))r|| for all ( E D where, if 
z E D and 2' G <9-D is the unique point of <9D nearest to 2, then, for all vectors w E T P D = C n 
the vectors wn and wt denote the complex normal and the complex tangential components of 
w at z' (namely, wt E T^dD and wn = (w,V z 7)u z / with v z > being the unit outward normal to 
dDatz'). 

Let K C D be a cone with vertex p such that {z k } c A. In particular, there exists c > 
such that if w G C n and (w — p) E K then ||iu — p\\^ > c\\w — p\\t (at p). Therefore, if 
7 : [0, 1] -> DU {p} isaC7°° curve such that = p and || 7 '(1)aHI < (c/2)|| 7 '(l) T || (atp), 
then 7 (£) G" A for t « 1. Moreover, we can find a small open neighborhood Uofp such that, if 
7 ([0, l))cf/nD and || 7 '(t)jv|| < (c/2)||7 / (f) T || for all i G [0, 1] (here the projection is at the 
point of 3D nearest to 7 (t)) then 7(f) G" A" for t G [0, 1)). 

Now, let k be such that C U n £> and ||K fe (C))jv|| < (c/2)||(^(C))t|| for all 

( G D. Let Ok E Aut(D) be an automorphism such that 9 k (l) = 1 and <^u fe (0fc(O)) = z k . By 
the previous argument 7 (i) := (9 k (t)) does not belong to A" for any £, which contradicts the 
fact that 2 fc G A. Thus (u , ei) > and v E L p . 

(i) (i) — 

We are left to show that <p Vk — > cp Vo and ipv k — > cpz J uniformly on D. Let r) Vk := <3> p o <p Vk : 
© — > B n . By the very definition rj Vk (Q = ei + (£— 1) (v k , e\)v k and clearly r/ Vk — > 77^ uniformly 
on D. Since $ p is a homeomorphism between D and B n it follows that cp Vk — > yj„ uniformly 
on D. By Corollary 12 . 31 then — > uniformly on D. □ 



Lemma 3.5. For any v E L p denote by ip v : D — > A* unique complex geodesic in the 
Chang-Hu-Lee normal parametrization with respect to v and let p v be its left-inverse. Then, if 
{v k } C L p is such that v k — > v q E L p it follows that dp Vk — > dp vo uniformly on D. 

Proof. Differentiating (13.11 ) with respect to Zj we obtain for z E D 

0p v ^ ^ ^ dp v ^ 

-q^<Pv(Pv{z)) ■ - ip v (p v (z))) + <p v (p v (z)) ■ (ej - -Q^<p' v (?v(z))) = 0, 

holding for z E D. Taking into account that (p(() ■ <p'(() = 1, we have 

dp v ^_ ^_ _ 

(3-4) -q^Wv{Pv{z)) ■ {z - <Pv(Pv(z))) - 1] = • e 3 -. 

Notice that, since ^„(C) 7^ for all £ G D, for all 2 G D there exists j G {1, . . . , n} such that 
• Cj 7^ 0. In particular it follows that 

$v{pv(z)) ■ (z - <p v (p v (z))) -1^0 
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for all z E D. Therefore 

dzj ¥v(Pv( z )) ■ ( z - Mpv( z ))) - !' 

Let {v k } C L p be such that v k — > v 6 L p . We claim that 

Pv k ~> Pv , &v k -> <Pvo, &' Vk V«* -> <P«o 



uniformly on and D respectively. By Lemma 1X41 it follows that <p Vk — > uniformly on D. 

As for tp v , if t> fc — >■ v in L p then by Lemma l3~4l it follows that ipv k — > uniformly on D 
for all j = 0, 1, 2, . . .. By the very definition and by fll.ll) . if r is a defining function for <9.D, it 
follows that for C G <9D 

and therefore, since \dr Vv (0(^(0)1 > c > for all fc, it follows that <p Vh — > <£>„ uniformly 
on <9B. By the maximum principle then ^ — > <p VQ uniformly on D. Differentiating (13.61) for 
C = e lt and t G Rby | we see that cp' v is expressed as continuous combination of cp Vk , <p' v , 
and by Lemma l3~4l it follows then that £>' — >■ £>' uniformly on D. 

We are left to show that p Vk — > p„ uniformly on £>. If not, there exists a sequence {zk m } C .D 
(which we may assume converging to some z G D) such that \p Vkm ( z k m ) — Pv ( z k m )\ > e o f° r 
some e > and for all k m . By (13.11) it follows that for all k m 

¥v km (pv km (z k J) ■ (Z km - Vv km {Pv k7H (z k J)) = 0. 

Up to subsequences, we can assume that p Vk (z km ) — > Co £ D- For what we already proved it 
follows then 

(Co) ■ (2b - ^o(Co)) = 0. 

This implies that Co = Pv (zo), since the only zero of the function C i— > ^« (C) ' ( z o — ^« (C)) 
is p„ (z ) by RemarkO But then both {pw m (-2 fcm )} and {p V() (z km )} converge to p Vo (z ), and 
then \p Vkm (z km ) — p Vo (z km )\ — > 0, contradiction. Thus — >■ p„ uniformly on £) and the claim 
is proved. 

Since, as we remarked at the beginning, the denominator of the right hand side of (13.51) for 
v = v is never zero for all z £ D, the previous claim implies that dp Vk — > dp vo uniformly on 
D. □ 

Remark 3.6. By (13.51) it follows that d(p v ) p = and by (13.61) we have (cfr. HI Lemma 
2.6.44]) for w e C n 

rxn\ A(~\ I \ 9r p( w ) ( w > u p) 

(3.7) d{p v )p{w) - 



dr p (<p' v (l)) (<p> v (l),u P Y 
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4. The shape of horospheres 

Let D C C n be a bounded strongly convex domain and let p E dD. As we recalled in Section 
[TJ for any R > and z E D, the set dE D (p, z , R) is smooth away from its center p E <9.D. 
It should be noted that smoothness of horospheres away from the center was known after P4l 
Section 4], but we do not know any previous reference for this fact. 

In HI (see also H) it is proved that horospheres are convex domains (since they are increasing 
union of Kobayashi balls of D). In ifTTl Remark 4.2], referring to HJ Corollary 2.6.49] it was 
claimed that (boundaries of) horospheres are strongly convex at their center. Unfortunately the 
proof of LL Corollary 2.6.49] does not seem to show smoothness at the center and thus one 
can only infer that horospheres are geometrically strictly convex (i.e., the intersection of their 
closure with the supporting hyperplane at the center is just the center). However from 121 p. 
231-232] it follows that if Ed{p, zq, R) C D is a horosphere of center p E dD and radius 
R > and B C D is a ball tangent to dD at p then there exists a horosphere E®(p, R') C B for 
some R! > such that E^(p, R') C Ed{p, Zo, R). In particular, since horospheres of the ball B 
are smooth complex ellipsoids, it follows that there exists a ball B' C En(p, z , R) tangent to 
dE D (p, Zo, R) at p. Namely, horospheres have the inner-ball property at the center. Therefore 
dE D (p, z , R) is C 1 ' 1 at p (see, e.g., 071 Proposition 2.4.3]). 

We prove here that the boundaries of horospheres are strongly convex away from the center: 

Theorem 4.1. Let D C C n be a strongly convex domain with smooth boundary. Let p E 
dD. Let Ed(p,R) be a horosphere in D with center p and radius R > 0. The boundary 
dEo(p, R) \ {p} is smooth and strongly convex. 

Proof. Let VLd,p be the function defined in Theorem lO.il Its level sets are boundaries of horo- 
spheres of D with center p. Thus, to show that such boundaries are strongly convex we need 
to prove that the (real) Hessian of Qd, p is positive definite on the tangent space of dEc(p, R) 
(for all R > 0). It is known (see, [ 1 1) that dEc(p, R) are convex for all R > 0, (and strongly 
pseudoconvex for all R > and strongly convex for big radii, see iTTTl Remark 7]). Thus the 
real Hessian of VL D ^ p is non-negative definite on the (real) tangent space of dE D (p, R) for all 
#>(). 

Let q E D and let cp : D — » D be a complex geodesic such that cp(0) = q and ip(\) = p. Up 
to post-composing with automorphisms of B n fixing e\, we can suppose that ® p (q) = O. Thus 
$p(y>(0) = (CO). LetF : D -> H n := {((,w) ECx C"" 1 : ImC > ||w|| 2 } be given by 
F = C o $ p where C : B n — ► M n is the Cayley transform defined as 

C(Cw) = (i^, T ^), (C,w)ECxC n - 1 . 

We write F(z) = (F (z), F(z)) ECx C" -1 . By definition, 

(4-1) F ( V> (C)) = *[^ I F(<p(Q)=0. 
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By the very definition of &D,p (see Remark fl~2l it follows that f^^F -1 ^, w)) = \\w\\ 2 — Im £ 
for (C, w) G C x C n , (C, w) G H n . Therefore 

(4.2) Q DtP (z) = = ||F(z)|| 2 - lmF Q (z). 
Thus, from (14.11) and (14.21) we have for t> G C n 

(4.3) Hess(0 Ap ) VP(c) (u,'y) = 2\\dF< p{0 {v)\\ 2 - Hess(lm F ) v(c) (u, u) 

where, for a real function /, Hess(/% denotes the real Hessian of / at x. 

Now, let r G D n R and let # r G Aut(D) be such that 9 r (0) = r and r (l) = 1 (notice that 

necessarily 9' r (0) G M). Let <p o r : D — > D be the dual map of y? o r . from the very definition, 
a direct computation shows that 

By EH Lemma 4.1] (and since 9' r (0) G E) it follows that if tp(r) G <9£ D (>, i?(r)) then 

T„ {r) {dE D (p, R(r))) = {v G C" : Re (^(0) • v) = 0} 
= {t> G C n : Re (£>(r) • t>) = 0}. 
On the other hand, by d4~2l and (|4~TT) it follows that 

T v (r)(dE D (p, R(r))) = kerc/(fi DiP ) ¥ , (r) = kerd(lmFo)«p( r ). 

Thus, since they have the same kernel, the two (real) forms v h- >■ Re ((p(r) ■ v) and f i— »■ 
Im d(F )^ r )(v) are multiple each other. Since Re (£>(r) ■ <p'(r)) = 1 by (11.11 ). and by (14.11 ) 



\md(F )rt r) ((f/{r)) = \m±F (tp(t))\^ = Re ' 4 



it follows that for all hgC™ 

2Re (£(r) • v) 



(4.5) rf(lmF ; 



r 



|2 



Now, let R > be such that g G dE D (p, R) and assume that i> G T q dE D (p, R) verifies 
Hess(fi£i i p)g(t>, u) = 0. We want to show that v = 0. 

Write (A, U) = (d(F ) q (v),d(F) g (v)). Since the map $ p transforms boundaries of horo- 
spheres onto boundaries of horospheres, it follows that the vector (A, U) is tangent to the 
boundary of the horosphere {(£,w) G C x C n_1 : lm£ — ||u>|| 2 > 1} whose closure con- 
tains (i, O) G W 1 . Thus A G R. 

Let us now consider the smooth one-parameter family of complex geodesies g t : D — > HP 
depending smoothly on t given by 

9t(0 := {i^ + t\ + ie\\U\\\tU) 
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and we denote 



Notice that 9 (() = (A, U) and (C) = (2i||£7 1| 2 , O) are independent of (. Let / t := F^ 1 (g t ). 
By construction / t : D — > D is a smooth one-parameter family of complex geodesies, f t {l) = p 

and /o(0) = q. Therefore f = <p. Again, denoting by / (£), / (() the derivative of f t (() with 

respect to t at i = 0, it follows that / (1) = and / (1) = because f t (l) = p for all t (see 
Corollary Ol). 

Let us denote by J(() the Jacobi vector field J(£) :=/ (() along ip. We can write «/(£) = 
A(C)<^'(C) + «/" L (C) f° r some holomorphic function A and vector field J -1 such that ^(C)-t/ _L (C) = 
and A(C) = a + i(3( - a( 2 for some a G C and (3 G R (see EH Theorem 3.1.c]). 

Since / (1) = then J(l) = 0. Since the map $ p transforms boundaries of horospheres 
onto boundaries of horospheres, it follows that J(0) G T v ( )(dE D (p, R)). In other words, by 
(l4~4l . Re (£(0) • J(0)) = which implies that Re a = for <p~(0) • <p'(Q) = 1. Therefore J(C) = 
i7(l - C)V(C) + ■/■ L (C) with 7 G R and J- L (l) = 0. This implies that Re {jp[r) • J(r)) = 
for r G (-1, 1). Hence by (03 it follows that J(r) G T^ r )(dE D {p, R(r))), where i?(r) > is 
such that <p(r) G dEo(p, R(r)). Since boundaries of horospheres are convex, we have 

(4.6) Hess(0 DiP )^ (r) (J(r), J(r)) > 0, re (-1, 1). 

Now differentiating with respect to £ the identity F o f t = g t and setting t = we obtain 

^ (c) (j(0) = [/ 

(4.7) 

Hess(lmF ) v(f) (J(0, J{Q) + d(lmF ) AO {f (()) = Im 9 (C) = 2||f/|| 2 . 



Putting together (1431 . (14751) and (I477I) . we obtain for r G (-1, 1) 

Re^(r)- / (r) 



(4.8) Hess(fi Ap ) v(r) (J(r),J(r)) 



Our next aim is to compute (p(r)- f (r). In order to do this, we choose a suitable defining 
function: according to Pang [26, Proposition 2.36] there exists a C°° defining function p for D 
near <p(D) such that for all 9 G R it follows that (p(e ie ) = e^dp^ey For all t and for all 9 G R 
it follows that p(f t (e %6 )) = 0, thus differentiating such an identity (as we can, by Corollary 12 .41) 

with respect to t at t = we obtain 2Re (dp- f (e ie ) + Hess(p) e «( J(e ie ), J(e ie )) = 0, namely, 
(4.9) Re (C£(C)- / (0) = -^Hess(p) c ( J(C), J(C)), ICI = 1. 
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Now, the function ( ^ f (() is holomorphic in D. Write / (C) = A + (B + ( 2 C(() 
for some A, B G C and some holomorphic function C. Then 

(4.10) Re (ft?(C)- / (0) = Re (Z£ + B + CC7(0), |CI = 1. 

Let Ti denote the Hilbert transform which associates to any harmonic function u in D, Holder 
continuous on <9D, its harmonic conjugated Xi(ii), still Holder continuous on dH), normalized 
so that Tx(m)(1) = 0. Let h denote the holomorphic function in O whose trace on <9B is 
— l/2(id + iT!)(Hess(p)(J, J)). Notice that Reh < on <9D since dD is convex. Moreover, 
since J(l) = and by the normalization chosen for T\ it follows that h(l) = 0. 

By K% and (E~Kjb we obtain that ft,(C) = A( + B + CC(C) + i« for some a G R. Hence 

£(C> / (C)-CMC) = -AC 2 -i«C + ^and, since h{l) =f (1) = 0, we get -A-ia + A = 0. 
Writing A = a + ib with a, 6 G R, we obtain 

£(0* / (0 = CMC) + a(l - C 2 ) + iK 1 - 2 - 
Substituting this expression in (14.81) for ( = rG (—1, 1), we find 



(4.11) Hess(fi Ap )^ (r) (J(r), J(r)) = a\^- + ^ 5 

1 — r 1 



r) 2 



By construction then a = Hess(fi DiP ) ¥ ,( )( J(0), J(0)) = Hess^^)^, t> ) = 0. By (14.61) and 
(14.1 II ) it follows then that Re (h(r)) > for r G (0, 1). However Re ft,(C) is harmonic on D and 
non-positive on <9D and thus by the maximum principle Re h(Q = 0. Thus 

Hess(p) c (J(C),J(C)) = 0, Ce9© 

and, since dD is strongly convex, it follows that J = on <9D and thus J = on D proving that 

v = 0. □ 

5. EXTREMALITY 

Let D C C™ be a bounded strongly convex domain with smooth boundary. We let T p be the 
set of all C°° curves 7 : [0, 1] ->• D U {p} such that 7(1) = p and 7'(1) £ T P &D (notice that, if 
u p is the unit outward normal to dD at p then 7'(1) ^ T p dD if and only if Re (7'(1), v p ) > 0). 

Theorem 5.1. Let D C C n be a bounded strongly convex domain with smooth boundary and let 
p G dD. Let v p be the unit outward normal to dD at p. Consider the following family S P (D): 

'u G Psh(D) 

(5.1) I \im.s\xp z _^ x u{z) < for all x G dD \ {p} 



liminf \u(j(t))(l - t)\ > 2Re ((^(l), Vp)' 1 ) for all 7 G P 



t->i 



r/ze« f2 G S P (D) (where fln,p is the function defined in Theorem \0.R and u < Qr> tP for all 
u G Sp(D). 
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To prove the theorem we need some preliminary results. Let subh (D) denote the real cone of 
subharmonic functions in the unit disc D. 

Lemma 5.2 (Phragmen-Lindelof). Let c > 0. Consider the following family S C (D) in the unit 
disc: 

{u G subh(D) 
u < in D 
liminf |w(r)(l — r)| > 2c 

Then -cP{() G <S C (B) and for all u G 5 C (D) it follows u < -cP((). 

For the sake of completeness we give a short proof of Lemma 15^21 based on some notes of 
Prof. P. Poggi-Corradini. We thank him for letting us to use such notes. 

Proof. It is clear that —cP(() G S C (D). We have to show that —cP is the maximal element of 
the family. 

First of all, let C{() = (1 + C) • (1 - C) _1 be the Cayley transformation from © to HI = {w G 
C : Rew > 0}. Then we consider the family C*(<S c (0))) = {u : u = u o C~ l for some u G 
S C (B)}. Then, if u G C*(5 C (P)) it follows that u G subh(H), u < in H and 

hmsup — — < — c. 

Notice that P o C' 1 {w) = Rew is the Poisson kernel in H. Let u = u o C' 1 G C*(<S C (D)) and 
let L = lim sup E9i j_ >+00 u(R)/R < —c. We are going to show that u < LRew, from which it 
follows that u < —cP. 

Let e > be such that e < —L. Let v(w) = u(w) - (L + e)Rew. Now, v G subh(H), 
limsup^^ v (w) < for all y G M and 

lim sup = lim sup R (-^- - (L + e) J < 0. 

Therefore there exists 5 > such that f (-R) < 1 for R < 5 and i? > |. Moreover, since 
?; is semicontinuous, there exists K > such that t> (R) < K for 5 < R < |. We consider 

now V(w) = v(\/iw) — K. Again, V G subh(H) and limsup^^ V(w) < for all y G R. 
Moreover, 

sup V(re ie ) = sup w(v^e^) — K = sup [M(v^e ie ) - (L + e)v^cosfl - 

-vr/2<6»<7r/2 O<0<tt/2 0<6»<tt/2 

< sup (-(L + e)Vrcos0-iiO = -(L + e)Vr-#. 

0<6»<tt/2 

By the classical estimates on sub-linear growth of subharmonic functions (see, e.g. (30)), it 
follows that V(w) < for all w G H and therefore, v < K in the first quadrant. A similar 
argument shows that v < K on the fourth quadrant and as before, v < on EI which implies 
u(w) < (L + e) Re w for w G H. By the arbitrariness of e we have the statement. □ 
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Proof of Theorem \5J\ Up to rigid movements, we can suppose that v p = e\. 

First of all, notice that the function identically does not belong to S P (D) because of the 
estimates at p. 

We claim that if u G S P (D) then u < in D. Indeed, let ip : D — > D be a complex geodesic 
not containing p in its closure (in fact, any attached analytic disc not containing p would be 
enough). Then ?i = tioi^ : D - > IR is subharmonic and limsup^ x w(C) < for all x G <9B. 
Thus by the maximum principle for subharmonic functions, u < in IB) and hence u < in D 
as ip was an arbitrary complex geodesic. Again, the maximum principle for plurisubharmonic 
functions implies that u < in D or u = 0, and the latter cannot be the case. Thus u < in D 
as wanted. 

Now, let v G L p and let ip v : D — > D be a complex geodesic parameterized as in [|T3l. Let 
p v : D — > D be its left inverse. We show that the function u v : D — > IT defined by 

(5.3) «.(*) = - P(UZ)) 



belongs to S P (D). It is clear that u v G Psh(D), limsup z ^ x u v (z) < for all x G dD \ {p} 
since p v (D \ (p v (dB)) C D. We claim that for all smooth curves 7 : [0, 1] — > D U {p} such that 
7(1) = p and (7'(1), ei) 7^ (that is 7'(1) is not complex tangential to 3D) it follows 

(5-4) ta W #)) (1 - t )|.*MW. 



Indeed, 



now 



^i 1 -'— - |( 7 '(l), ei )P 

1 1"IP,(7W)| 2 (l-t) 2 



M 7 (*))(i-t)| 



l-t |l-A,( 7 (t))| 2: 



t-i l-t dt (^(l),ei) 

where the last equality follows from (13.71) and since <^(l) = V\V . Moreover 

= P,(7(l))|(^(^)k=i+^l))|(p,(7W))l*=i 
= 2Re^05 B ( 7 (O))l*=i = 2Re^' (i) - fl) 



Therefore 



lim|w„(7(t))(l - 1)| = -^Re 



2 D (Y(l),ei> lv^(lW| 



2 



(V<,(l),ei> |(7'(l),ei)r 
Taking into account that (<^(1), ei) = vf, we have the claim. In particular equation (15.41) holds 
if 7 G T p , showing that u v belongs to S P (D). 
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Notice that Q D>p (ip v (()) = u v (ip v (()) for all ( G D. Moreover, if u G <S P (D) then u : ( t— > 
is in the family S 1 / V 2(B) given by (15.21 ) (with c = l/t> 2 ). Indeed, m G subh(D), u < 

in O and 

liminf |«(r)|(l - r) > ^Mffll^ = _^ = A 

since <p(,(l) = v\e\ + ef. Thus, by Lemma l5~2l it follows that for all £ G D 

u(cp v (0) = u(0 < ^p(C) = ^MO) = JW^(C))- 

Thus for all w G S p (D) we have w < f^p. It remains only to show that Q D :P G S P (D). To this 
aim, we let ip Vt : D — > -D be the complex geodesic in Chang-Hu-Lee normal parametrization 
such that 7(t) G <^ Vt (D). Moreover, we denote by v t = (p' v (1) G L p . Thus 

Hence 

i i-lft,h(*))l 2 



(5,) M)) | (1 _ (H _ i)2 i _ i |1 _- i(7(())|2 . 

Fix v = v t . By the mean value theorem it follows that 

1 - RepMt)) = | Re ~ (T(t)) | t=s = R ed(p„) 7(s) ( T '( s )), 

for some £ < s < 1, and similarly for the imaginary part and for the modulus \pv t {l{t))\ 2 ■ 
Notice that s depends on v but clearly, s — > 1 as t — > 1. 

Now let {v tk } be a converging subsequence of {v t }. By Lemma l34l if v tk — > t> then -u G L p 
(and in particular (v tk) ei) 2 — > (t> , ei) 2 > 0). Therefore, by Lemma U31 we have 

limd(p t)t ) 7(s) (7 / (s)) = 6/(^^(7(1)). 
Thus by and <|X71> it follows 



lim |n Ap (7(t fc ))|(l - t fe ) 



1 2Red(pJ p (7'(l)) _ 2Re( 7 '(l),e 1 ) 



(^o^) 2 |* ) P (Y(1))| 2 |(7'(l),ei)p 
Since this holds for any converging subsequence of {v t } then we have that 

2Re(Y(l),e 1 ) 



lim|JW 7 (t))|(l-t) 



t->i 



□ 



Corollary 5.3. Let flo,p be the function given by Theorem I0.il Then for all smooth curves 
7 : [0, 1] -> D U {p} smc/z that ^{l) = p andj'{l) & T^dD it follows 

lim|fi DiP ( 7 (t))|(l -t) = Re 1 



(Y(i),^)' 
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Proof. If 7 ; (1) G" TpdD then the claim follows from the proof of Theorem 15 .11 In case 7'(1) G 
T p dD \ T^dD— that is Re (Y(l), v p ) = but (Y(l), u p ) ^ 0— let v G L p and let u v be given 
by d53b . By Theorem |5~T1 it follows that for all z G £> 

< |CW*)I < M*)l- 

By (l5~4b it follows that |u„(7(t))|(l - t) -> and then \Q DjP (j(t))\(l - t) -> 0, proving the 
statement. □ 

6. Green's versus Poisson's pluricomplex functions 

Let D be a bounded strongly convex domain in C n with smooth boundary and let z G D. 
Consider the problem in dO.ll) . In his outstanding work ET1 . ll24l . Lempert proved that there 
exists a unique solution Ld,z , given by Ld, zo = log ||, where $ Zo : D — > B n is the Lempert 
spherical representation with center z introduced in Section d Rephrasing the very definition 
of <3> 20 , it follows that for z E D 

(6.1) L D)Z0 {z) =\og(tcmh.k D (z ,z)). 

We have the following relations between the pluricomplex Green function Ld,z and the 
pluricomplex Poisson kernel Qn, P solution of the problem (10.21) which generalizes the corre- 
sponding relation in D between the classical Green function and the classical Poisson kernel 
(see for instance [20, Proposition 2.2.2]): 

Theorem 6.1. Let D be a bounded strongly convex domain in C n with smooth boundary. Let 
zq G D and p G dD. Let v v be the outer normal of 3D at p. Then 

(6.2) Sl D M = — ^ (P) 

Proof. Let K zo := exp(L£> 20 ). Let (p : D — > -D be a complex geodesic such that y>(0) = 2q and 
y?(l) = p. Since |^(p) > for all 2 G A by El Theorem 2.6.47] (see also 0) it follows that 



On the other hand by [ 1 1 , Proposition 7.1] 

lim \k D (z,ip(t)) - k D (z ,<p(t))] = -[log|O A p(0o)| -log|^ Ap (z)|], 
which implies that there exists C > such that for all z E D 

We want to show that C = 1. Let y> : D — > D be the unique complex geodesic in Chang - 
Hu-Lee normal parametrization such that </?(!) = p and = f p . By the very definition 
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^Ap(v(0) = ~ p (C) 5 where P is the Poisson kernel of D and i^ (0) (</?(()) = |C| for all (gD. 
Since 



«ga(p)=-(^o^))U = ^ 



and P(0) = 1 it follows that C7 = 1, as wanted. Finally, since f[f*(p) = K z (p)^^ and 
tf(p) = 1 for p £ <9L>, we get (IO> . □ 

7. Uniqueness properties 

In this section we study some analytical and geometrical properties which characterize the 
pluricomplex Poisson kernel introduced before. 

Before start, recall that, according to Bedford and Taylor (51 (see also EUl Section 3.5], 
the complex Monge-Ampere operator (dd c ) n (here d c = i(d — d)) can be defined for all u £ 
Psh(D) n L% C (D) for any bounded domain D C C n . Moreover, if u £ Psh(D) n L% C (D) then 
(dd c u) n = (ddu) n = if and only if it is maximal in L> namely, for all relatively compact open 
subsets E C D and all plurisubharmonic functions v in E such that lim sup EBz ^ x v(z) < u(x) 
for all x £ <9-E it follows that v < u in E. 

Now we can state and prove the first uniqueness result, which is the analogous in our setting 
of the uniqueness statement for the Monge-Ampere equation with one concentrated logarithmic 
singularity in the domain D (see [241). 

Theorem 7.1. Let D C C n be a bounded strongly convex domain with smooth boundary and 
letp £ 3D. Let u £ Psh(D) n L% C (D) be such that (ddu) n = 0, lim z ^ x u(z) = for all 
x £ 3D \ {p} and 

(7.1) lto crTT = L 

Then u = Q, Dp- 
Proof. First of all we notice that (17.11) implies that u belongs to the family (15.11) because for all 
7 £ T p (here T p is the set of curves defined in section |3) it follows that 

hW T (t))(l -t) = Jim M(7 /^ W7(t))(l -t) = -Re2« 7 '(l), v p )y\ 

Therefore, by Theorem 15 .H it follows that u(z) < VLd )P (z) for all z £ D. Suppose that u(zq) < 
Qd, p (zo) for some z £ D. Then there exist < c < 1 and 5 > such that the set 

E 5 ,c := {z E D: VL D , P {z) > cu(z) + 5} 

is non-empty. Since u is upper semi-continuous the set E$ jC is open. If we prove that Eg jC 
is relatively compact in D, since (dd(cu + 8)) n = and Vt D , v { z ) < cw(z) + <5 on dE$ >c , by 
maximality it follows that Vt D , P {z) < cu(z) + 5 in E^c, contradicting the definition of E$ jC . 
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Thus we are left to show that Eg, c is relatively compact in D. First of all, since u(x) = 
Qd, p (x) = for all x G dD \ {p}, then E S}C C D U {p}. Seeking a contradiction, we assume 
that p G E SjC . Thus there exists {z fc } C E SiC such that z fc — » p. Therefore for all A; G N 

(7.2) ^£>,p(^) - cw(2 fc ) - 5 > 0. 

Up to subsequences, we can assume that VLr>,p(zu) — > L for some L G [— oo, 0]. If L < then 
dividing (17.21 ) by fi£>,p(zfc) < and passing to the limit, taking into account (I7.ll ). we would 
find 1 — c < 0, a contradiction since c < 1. If L — 0, (17.11 ) implies that u(^fc) — > as k — > oo 
and therefore we reach a contradiction by passing to the limit for k — ► oo in (I7.2I ). Hence p is 
not in the closure of which is thus relatively compact in D. □ 

Remark 7.2. As pointed out in the introduction, Theorem l7.1l is the analogous of the uniqueness 
statement for the problem (10. 1 ft . where uniqueness is established in the class of plurisubhar- 
monic functions u G Psh(D) such that Ym\ z -+ X u(z) = for all x G dD and u(z) goes like 
the pluricomplex Green function Ld )Zo for z — > z . Since for any convex domain the function 
Ld,z goes like log \\z — zq\\ at zq then in the case of a inner singularity, there is a "universal" 
behavior. When the singularity is at p G dD, it turns out that, thanks to Corollary 15 .31 we know 
that the behavior of Vt D p along all non tangential directions is independent of D, but we do not 
have any hint on the behavior of VL D ^ p along the tangential directions, which might depend on 
D near p. 

Next we characterize the pluricomplex Poisson kernel in terms of its associated Monge- 
Ampere foliation, with no hypotheses on the behavior near the boundary singularity. 

Theorem 7.3. Let D C C n be a bounded strongly convex domain with smooth boundary and 
letp G dD. Let u G Psh(D) n C 2 (D) be such \im z _ x u(z) = Ofor all x G dD \ {p}. Then 
the restriction ofu to each complex geodesic whose closure contains p is harmonic if and only 
if there exists c > such that u = cQd, p - 

Proof. One direction is obvious. Assume then that u G Psh(D) n C 2 (D) is harmonic on each 
complex geodesic whose closure contains p and lim^^ u(z) = for all x G dD \ {p}. Arguing 
as in the proof of Theorem l5.1l we see that u < in D or u = 0. In the latter case c = and the 
theorem is proved. Thus we can assume that u < in D. 

First of all, it is a well known result that if v > is a harmonic function in D such that 
\im^ x v(Q = for all x G <9D \ {1} then v = cP for some c > (here, as usual, P denotes 
the Poisson kernel). 

Therefore u = \£Id, p for some C 2 function A : D — » (0, oo) which is constant on each 
complex geodesic whose closure contains p. We need to show that A is constant. 

To this aim, we argue as in the proof of Theorem 14.11 and retain the notations introduced 
there. Let q G D. Up to post-composing with automorphisms of B n and with the Cay ley 
transform, we let F : D — > EP be the diffeomorphism defined by means of the boundary 
spherical representation $ p , such that F(q) = (i, O). We let U = u o F^ 1 . Then U is a C 2 
negative function on HP and by the very definition of Vt D , p and [11, Theorem 7.3], it follows 
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U(£,w) = A(u>)(||u>|| 2 — lm£). We are going to prove that w = O is a critical point for A; 
from this, since F is a diffeomorphism from D to IP, it will follow that A has a critical point at 
q = F _1 (z, O) and, by the arbitrariness of q, it will follow that all points of D are critical for A 
which turns out to be constant. 

Since A is a real function, it is enough to prove that the vector V := (J^-(O), • . . , a ® x (0)) 

is zero. Let ip : O — > D be the complex geodesic such that </?(0) = q and = p. According 
to (T&[ Section 2.39] we can assume to be working with a system of holomorphic coordinates 
(zi, . . . , z n ) in a neighborhood of y?(D) for which (among other conditions on the defining 
function of D which we only use implicitly when referring to the paper ll32ll in the course of the 
P roofMC) = (C,0,...,0)forCGD. 

By construction it follows that if we write G := F^ 1 = (Gi, . . . , G n ) then C7i(£, O) = 
(f - + z) and Gjfa O) = for j > 1 and Imf > 0. 

Now let t i — > be a smooth curve in C"^ 1 such that w(0) = O. Let ^t(C) : = («(1 + 
0/(1 - + i||^(t)|| 2 , w(t)) for ( e D and t close to 0. By definition, {^} is a family of 
complex geodesies in IP, and thus cp t := G(g t (Q) is a smooth real one-parameter family 
{(ft} of complex geodesies in D such that (fo(() = (C> O). The associated Jacobi vector field 
J(0 = 7^(0 can De written in the form 



^(0 = ^(0^ + ^(0, 



where J 1 ^) = J2k=2 ^(Osr an ^» since y?t(l) = p for all £, by Corollary 12 .41 it follows that 
J(l) = O. Therefore, from 02 Section 3] it follows that there exist a e C, X, Y e C n-1 
(depending on J) and a unique continuous map M : D — »■ GL(2n — 2, C) holomorphic in 

D which depends only on D and </? with the following properties. If M(Q = ( m^c)) 

where the M/s are suitable (n — 1) x (n — l)-matrices with M\{1) = ^ Id, M 2 (l) = -yld (and 
M 3 (l), M 4 (l) satisfy suitable conditions that we do not need here), then 



Jr(0 = (l-0(« + «0, 
( J^O = z(l - C)(Mx(0X + M 2 (C)F). 



By the very definition of G and by (17.31) . taking into account that G maps complex tangent 
spaces to the boundary of horospheres in HP to complex tangent spaces to the boundary of 
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horospheres in D (see the proof of Theorem 6.3 in ifTTl ) it follows that for Im £ > and £ G D 

-=^(£,0) = forj = l,...,n 
<9£ 

^(e,o) = |«-*)(e+i)- 1 

dG 

— 1(£,0) = forj = 2,...,n 

^«,o) = ^«,o) = o r.,i , i. 

f^T^f ' 0) = i(1 " 0(^i(C)5j + Af 2 (C)T,) t for j, k = 2, . . . , n 
^(i^—i, 0) = i(l - £)(M 1 (£)^- + M 2 {C)T j ) k for j, fc = 2, . . . ,n, 

for some vectors (5*2, . . . , S n ), (T 2 , . . . , T n ) G C 71-1 . Let S (respectively T) be the matrix whose 
columns are S 2 , ■ ■ ■ , S n _i (respect. T 2 , . . . , T n _i) and set 

S S_ 
T T 



N 



We claim that iV is invertible. Indeed, since dG is invertible at (z, O), equations (17.41) imply 
that the only vector v satisfying (Mi(0) M 2 (0))(2Re (f )t>) = is the zero vector v = O. 
Therefore S 2 , ■ ■ ■ , S n , T 2 , . . . , T n form a real basis of C n_1 . From this it follows easily that if 
the vector ( ^ ) belongs to the kernel of N* then v = w = and thus N is invertible. 

Now we are in the good shape to compute J^-(£, O). Since?/ = uoG = \(w)(\\w\\ 2 — Im £), 
from (17.41) we have for j — 1, . . . , n — 1 and Im £ > 



(7.5) -g^(0)lm{ = ^-f—.O^O) + _(i_, )_ K , )]. 

Notice that since w is plurisubharmonic in D and harmonic on the complex geodesies whose 
closure contains p, it follows that the functions -fMfr^O) are holomorphic for lm£ > 0. 

Moreover, by (17.41) both J^-(£, 0) and J=-(£, 0) are holomorphic for Im £ > 0. Taking the real 

and imaginary part in (1731) and writing V(= Jg(z, 0)) = C + iD with C,D G IR n ~\ we find 
that there exist two vectors C , D' G M™^ 1 such that for all Im £ > 

(7.6) i Cji + *C5 = £[|^, 0)^({,0) + £(^4, 0)p«,0)], 

a^fc £ + 1 owj ozk £ + 1 owl 

k=2 J J 

(7.7) -^ + ^ = f[^ ( i^, )^ K , )-|i ( i^, )p K , )]. 
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Let V = iC + D>, let / fe (C) = -2i(l - O'fMC, O) and let / = . . . , /„) for C G D. 



Summing (respectively subtracting) (17.61) with (I7.7I) . composing with £ i— > multiplying by 
(1 - C) and using (1711) we obtain for ( 6 D\{1} 



From this, since N is invertible and also Mi(Q, M 2 (C) are invertible for ( close to 1 (since by 
the very definition Mi(l) = Jld and M 2 (l) = =Md) it follows that /(C) has a limit L at ( = 1 
and 



Therefore (S l - zT*)L - (S* + zT*)L = O. Writing L = a + i/3 for a, /? G M n ~\ we have 
S 1 */? — T l a = O and, since a, /? are real, this is equivalent to 



But is invertible and therefore a = (3 = O which means L = O. Finally, from (17.81) it follows 
that V = 0. D 

The pluricomplex Poisson kernel can be also characterized in terms of its level sets: 

Proposition 7.4. Let D C C n be a bounded strongly convex domain with smooth boundary and 
letp G 3D. Letu G Psh(D) n be such {ddu) n = in D and \xm z ^ x u{z) = for all 

x G 3D \ {p}. If u has the same level sets offlD, P then there exists c > such that u = cQd, p - 

Proof. By hypothesis there exists a function Y : IR~ — ► IR~ such that u(z) = Y(Qd, p {z)) for 
all z G D. We need to show that there exists c > such that Y(t) = ct for all t G To this 
aim, since each complex geodesic whose closure contains p intersects every horosphere, it is 
enough to prove that u(z) = cVLd )P (z) for z belonging to any complex geodesic whose closure 
contains p. 

Let S be a complex geodesic in D such that p G S and p : D — >• S the associated Lempert's 
projection. We can assume that D is linearizated along S in Lempert's coordinates. Let B be a 
open disc relatively compact in S. Let 



If we prove that u\^ is the maximum of V then, by the arbitrariness of B it follows that u is 
harmonic on S. Therefore u o Lp is harmonic and negative in D and it is zero on <9B \ {1}, 
hence it is a constant multiple of the Poisson kernel of D. That is, there exists c > such that 

u(ip(C)) = c£Id,p(<p(0) f" or a ^ C £ as wanted. 




(7.8) 





P : 
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In order to prove that u\ B is the maximum of V, let e > small. Let T = p~ l (B) fl D and 
let B = {z G T : dist(;z, dD) > e} (a cylinder in D). The boundary of the set B is made of two 
parts: -Ri which has the property that p{R\) = dB and R 2 (the bottom and top of the cylinder) 
such that p(i?2) C B; dB — R\ U i?2- Since u = on dD and p T, then we can choose e so 
small that mi xeR2 u(x) > max x( - dB u(x). 

Let v G V. Let t> := 5 o p\ B . Then u is plurisubharmonic in B and sup a;gB f(x) = 
sup a . ga ^(limsup 2 ^ 2 ,f (2)). In particular by construction limsup z ^ a; f (2) < for all x G 
i? 2 - Also, we have that lim sup B3z _^ u(^) = lim sup B9/Z _ >:E < u(p(x)) for all x G R\. 

Now k has the same level sets of Qd,p and thus by (13.31) we have that u(x) > u(p(x)) for all 
x E D and hence limsup B5z _ x v(z) < u(x) for all x G Therefore lim sup^g^^. v (z) < 
u(x) for all x G (95 and by the maximality of Monge-Ampere solutions, it follows that v < u 
in B and in particular v < u\ B and the arbitrariness of v implies that u\ B is maximal in V. □ 

The previous argument, together with Theorem 17.31 shows that if u G Psh(D) fl C 2 (D) is 
such that (ddu) n = on D and lim^^^ u(z) = for all x G dD \ {p} then u = cVtr,, P for some 
c > if and only if u(p(z)) < u(z) for all z G D and for all Lempert's projections p. 

More generally, if / : D — » D is holomorphic and /(p) = p as non-tangential limit we can 
define the boundary dilatation coefficient a f(p) of / at p by means of 

-loga/(p) := liminfffcuCsojz) _ ^0(^0, /(z))]. 

It turns out that aj(p) > and, if a/(p) < 00, we can rephrase Abate's generalization of 
the classical Julia Lemma (see HI, @) saying that af(p)f*(Q D:P ) < Vl D , p . In [11. Theorem 
7.3], with a slightly more regularity assumption required on / at p, it is proved that / is an 
automorphism of D if and only if f*({l D p ) = af{p)Vt D ^ p . 

Using Abate's version of the Julia- Wolff-Caratheodory theorem for strongly convex domains 
(see [1], [4]) it is easy to see that a p (p) = 1 for all Lempert's projections p. Therefore, the 
above discussion shows that the property /*(f2D,p) < a f{p)^D,p characterizes Qd, p - In other 
words: 

Proposition 7.5. Let D C C n be a bounded strongly convex domain with smooth boundary and 
letp G dD. Let u G Psh(D) n C 2 (D) be such that (ddu) n = in D and lirn^ u(z) = Ofor 
all x G dD \ {p}. Then there exists c > such that u = cQ B , P if and only if for all f : D — > D 
holomorphic such that f(p) = p as non-tangential limit and Qf(p) < 00 it follows that 

«/(p)/*(w) < u - 

Some remarks about uniqueness properties are in order. First, it would be interesting to 
see whether Theorem 17.31 (and thus its corollaries) holds without any regularity hypothesis on 
u. A direct argument using the sub-media property of plurisubharmonic functions shows that 
Theorem 17.31 holds in the unit ball B n with no regularity hypothesis on u. Such an argument 
seems however to fail in general. 

Another (maybe more) interesting open question is the following: 
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Question 7.6. Let D C C n be a bounded strongly convex domain with smooth boundary and 
letp G &D. Let u G Psh(L>) n L^ C {D) be such that (<9du) n = in D and lim^it^) = for 
all x G dD \ {p}. Is it true that u = cHd, p for some constant c > 0? 

As we already recalled, the answer to such a question is "yes" in case D = © the unit disc, 
u < in D and VLd, p is the (negative) Poisson kernel. 

8. Reproducing formulas 

Let D be a bounded strongly convex domain in C" with smooth boundary. As usual, let 
d c := i(d — d). Let r be a defining function of D and let ujd be the real (2n — l)-form defined 
as 

(dd c r) n ~ l r\d c r 

UdD - — p^p — ldD - 

such a form cu^d is positive and it is easily seen to be independent of the defining function r 
chosen to define it. 

Let Ld,z denote the Lempert solution of (10.11) and denote by &d, p the solution of (10.21) with 
singularity at p G dD given by Theorem 10.11 From the very definition of £Id, p and since 
the boundary spherical representation $ p of Chang-Hu-Lee is smooth out of the diagonal of 
dD x dD as the vertex p varies on dD (see lfT3l Theorem 3]) it follows that the map D x dD 3 

(z,p) i — ► QdM G MisC 00 on (D x &D) \{(p,p) G <9-D x dD}. 

We briefly recall Demailly's theory ifLUl . [fT?l. Let <^ G Psh(D) be such that exp(<£>) G 
C°(7J), that tp < on D and that y> = on dD. Let < and let B R = {z G £) : <^0) < 
Moreover let Sr = dB R and <pn(z) = max{p(z), R}. By (HI (1.4)] we can write 

(dd c <p R ) n = l C n\B R {dd c tp) n + 

where lc»\s fl is the characteristic function of C n \ and /jl^r is a positive measure sup- 
ported on Sr. By lfT5l Theoreme 3.1] if the total Monge-Ampere mass of cp is finite, i.e., if 
J D (dd c ip) n < +oo, then as R — ► the measures converge weakly on C n to a positive mea- 
sure supported on dD, with total mass J D (dd c ip) n . We denote by fj, z the limit measure of 
L D , Z . By [ 15 , Theoreme 5.1] it follows that for all F G Psh(D) n C°(7J) we have the following 
representation formula: 

(8.1) F(z) = fi g (F) - / |L A zHI *fFH A {dd c L D>z ) n -\w). 

^ n JweD 

We can prove the following result: 
Theorem 8.1. Let D be a bounded strongly convex domain in C n with smooth boundary. Then 

d^zip) = \^D, P (z)\ n uj dD {p). 

Proof. First of all, since Ld >z is C°° on D \ {z} and dLo, z \dD 7^ 0, arguing as in ifTBI we see 
that 

dfi z = (dd c L D , z ) n - 1 A d c L D , z \ dD . 
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From (16.21) we have 



\^ D M\ = \\-^m = \\d{L D ,) P i 

where the last equality follows from L DjZ \q D = which implies that d(L Dz ) p is a positive 
multiple of u p , the unit normal to dD at p G dD (here, as usual and with an abuse of notation, 
we identify the gradient of a function with its differential). Thus 

To end the proof we only need to check that 

{dd c L D)Z ) n ~ l A d c L D , z 

\\ dL D,z\\ 

To this aim, it is enough to show that if r is a (local) defining function for D on a neighborhood 
Up of p G dD, then L Dj2 = ft ■ r on {7 P fl D for some positive ft, G C°°(U P fl Z?) for then a 
direct computation gives the result. Up to changes of coordinates we can assume that U p fl D = 
{(x, y) G C x C n_1 : x < 0}. Thus L DiZ (x, y)/x is defined and positive on [7 p fl D. If we let 
h(x, y) = Jq (tx, y)dt then ft is C°°(U P fl .D) and coincides with L D>z (x, y)/x in C/j, fl D. 
Moreover, since dh D z ^ on <9D it follows that ft > on U p fl D. □ 



From (18.11) and Theorem 18. II we obtain: 
Theorem 8.2. Let F G Psh(D) n C°(D). Then for all z G D 



F(z)= / \n D>p {z)\ n F{p)u dD {p) 

JpedD 



1 



2?r r 



dd c F(w) A (dtfLu,,)"' 1 ^) 



/n particular if F is pluriharmonic then 



F{z)= I \n DjP (z)\ n F(p)co dD (p). 

Jp£dD 
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Remark 8.3. If F £ C 2 (D) (but not plurisubharmonic in D) then there exists C > such that 
F(z) + C\\z\\ 2 G Psh(D) n C°(U). Thus Theorem IO applies and one gets 



F(z) + C\\z\\ 2 = / \n DiP (z)\ n F(p)u 9D (p) + C / \n DtP (z)\ n \\p\\ 2 u dD (p) 

IpedD JpedD 



1 



2n n 



\L DjZ (w)\ dd c F{w) A (dd c L Di2 



\n-l, 



W 



C-L [ \L D>g {w)\ dd c \\w\\ 2 A (dd c L DtZ ) n -\w) 
Sl D>p {z)\ n F{p)u dD (p) 

pedD 

\L DtZ (w)\ dd c F{w) A (dd c L D)Z ) n ~\w) + C7||^|| 2 . 



2tt 



en 



Therefore Theorem 18.21 applies to any F 6 C 2 (D) (not necessarily plurisubharmonic). As 
a consequence it follows that the kernel \Vt DtP (z)\ n uj dD (p) is the unique reproducing kernel 
associated to L D z , namely, d8.ll) cannot hold with any other measure T z in place of \i z . 
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